ANALYTIC TORSION AND L^-TORSION OF COMPACT LOCALLY 

SYMMETRIC MANIFOLDS 



WERNER MULLER AND JONATHAN PFAFF 

Abstract. In this paper we study the analytic torsion and the L^-torsion of compact 
locally symmetric manifolds. We consider the analytic torsion with respect to representa- 
tions of the fundamental group which are obtained by restriction of irreducible represen- 
tations of the group of isometries of the underlying symmetric space. The main purpose 
is to study the asymptotic behavior of the analytic torsion with respect to sequences of 
representations associated to rays of highest weights. 



1. Introduction 

Let G be a real, connected, semisimple Lie group without compact factors and with finite 
center. Let K G G he a maximal compact subgroup. Then X = G/K is a. Riemannian 
symmetric space of the noncompact type. Let F C G be a discrete, torsion free, co-compact 
subgroup. Then X = r\X is a compact oriented locally symmetric manifold. Let d = 
dimX. Let r be a finite-dimensional irreducible representation of G on a complex vector 
space Vr- Denote by Er the fiat vector bundle over X associated to the representation 
r|r of F. By ||MtM] , Lemma 3.1], Er can be equipped with a distinguished Hermitian fiber 



metric, called admissible. Let Ap(r) be the Laplace operator acting on i?^-valued p-forms 
on X. Denote by Cpl-s; r) the zeta function of Ap(r) (see ||Sh|| ). Then the analytic torsion 
Tx(r) e M+ is defined by 

(1-1) iog^x(r)=^x:(-i)'p^a^'-)L^o 

p-- 



see 



I Mu2 ] ) . Since we have chosen distinguished metrics, we don't indicate the metric 
dependence of Tx{t). We also consider the L^-torsion T^\t) which is defined as in fLo 



using the F-trace of the heat operators on X. 

The main purpose of this paper is to study the asymptotic behavior of Tx (r) and T^^ (r) 
for certain sequences of representations r of G. This problem was first studied in [ [Mu3|| 



in the context of hyperbolic 3-manifolds. The method used in this paper was based on 



the study of the twisted Ruelle zeta function. In ||MP|| we have developed a different and 



more simple method which we used to extend the results of |[Mu3|| to compact hyperbolic 



manifolds of any dimension. In the present paper, we generalize the results of the previous 
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papers to arbitrary compact locally symmetric spaces. Recently, Bismut, Ma, and Zhang 
BMZ]| studied the asymptotic behavior of the analytic torsion by a different method and 



in the more general context of analytic torsion forms on arbitrary compact manifolds. 
Furthermore, Bergeron and Venkatesh | [BV| studied the asymptotic behavior of the analytic 



torsion if the flat bundle is kept fixed, but the discrete group varies in a tower {rArjjveN of 
normal subgroups of finite index of F. They used this to study the growth of the torsion 
subgroup in the cohomology of arithmetic groups. In ||lVlalVI|| the results of | |Mu3| ] have 



been used to study the growth of the torsion in the cohomology of arithmetic hyperbolic 3- 
manifolds, if the lattice is kept fixed and the flat bundle varies. The results of the present 
paper will be used to study the growth of the torsion in the cohomology of arithmetic 
groups in higher rank cases. 

Now we explain our results in more detail. Let S{X) = rankc(G) — rankc(-ft'). Occa- 
sionally we will denote this number by S{G). Let q be the Lie algebra of G. Let Gc 
denote the simply connected complex Lie group corresponding to the complexification qc 
of g. We assume that G equals the analytic subgroup of Gc corresponding to g. Then 
the irreducible finite dimensional complex representations of G can be identified with the 
irreducible holomorphic representations of G^. Let f) C g be a fundamental Cartan subal- 
gebra. Fix positive roots A+(0C5 f)c)- Let 9: g — )■ g be the Cartan involution. For a highest 
weight A G f)c let tx be the irreducible representation of G with highest weight A. Then 
we denote by Xg G 1)^ the highest weight of t\ o 6', where we regard 6 as an involution on 
G. Our main result is the following theorem. 

Theorem 1.1. (i) Let X be even dimensional or let S{X) ^ 1. Then Tx{t) = 1 for all 
finite- dimensional representations r of G. 

{u)Let X be odd- dimensional with S{X) = 1. Let A G f)^ 6e a highest weight with Xg ^ X. 
For m let Tx{m) be the irreducible representation of G with highest weight mX. There 
exist constants c > and Cjj ^ 0, which depends on X , and a polynomial P\{m), which 
depends on X, such that 

\ogTx{Tx{m)) = vol(X) ■ Px{m) + O (e"'^'") 

as m oo. Furthermore, there is a constant C\> Q such that 

P\{m) = C\ ■ m dim{Tx{m)) + Rx{m), 

where R\{m) is a polynomial whose degree equals the degree of the polynomial dim(rA(m)). 

The coefficient of the highest order term of the polynomial P\{m) can be determined 
using Weyl's dimension formula. Our main result can be also stated as follows. There 
exists a constant C = C{X, A) 7^ 0, which depends on X and A, such that 

(1.2) logTx{Tx{m)) = Cvol(X) ■ mdim(rA(m)) + O (dim(rA(m))) 

as m — 7- 00. 

Part (i) of Theorem LI extends a result of Moscovici and Stanton [ MS1|| who showed that 



Tx{p) = 1, if > 2 and p is a unitary representation of F. Part (ii) is a consequence 
of the following two propositions. The first one shows that the asymptotic behavior of the 



analytic torsion with respect to the representations T\{m) is determined by the asymptotic 
behavior of the L^-torsion. 

Proposition 1.2. Let X he odd- dimensional with 5{X) = 1. Let X ^ i)^ be a highest 
weight. Assume that Xg ^ X. For m ^ N let Tx{m) be the irreducible representation of G 
with highest weight mX. Then there exists c > such that 

\ogTx{Tx{m)) = logTl^AM) + O {e-'^) 

for all m G N. 



The second resuh on which part (ii) of Theorem rehes is the computation of the 
L^-torsion. The computation is based on the Plancherel formula. It gives 

Proposition 1.3. Let the assumptions be as in Proposition |1.2| . There exists a constant 
Cj^, which depends on X, and a polynomial Px{m), which depends on X, such that 

(1.3) log tI^taM) = Cjf vol(X) ■ Px{m), meN. 
Moreover there is a constant Cx > such that 

(1.4) P\{jn) = Cx ■ m ■ dim(rA(m)) + O (dim(rA(m)) 
as m —)■ oo. 

If we consider one of the odd-dimensional irreducible symmetric spaces X with 6{X) = 1 
and choose A to be a fundamental weight, the statements can be made more explicit. 

Let X = Spin(p, g)/(Spin(p) x Spin(g)), p, q odd, and X = G/K. Let n := {p + q — 2)/2. 
There are two fundamental weight cu^^ which are not invariant under 9 (see (|6.45|) ). One 
has uj^^ = {uj'f^^)g. By equation (|6.51|) , it suffices to consider the weight a;^^^. For m G N 
let r(m) be the representation with highest weight mu^^. By Weyl's dimension formula 
there exists a constant G > such that 

n(n + l) / n{n + l) , \ 

(1.5) dim(r(m)) = Cm 2 Q Im 2 M 
as m — )■ 00. Let Xd be the compact dual of X. Let 

(1.6) 

vol(Xd) V 2 

Corollary 1.4. Let X = Spin(p, g)/(Spin(p) x Spin(g)), p,q odd, and X = T\X . With 
respect to the above notation we have 

n(n + l) ' 



log Tx(T(m)) = Cp_gVol(X) ■mdim(r(m)) + (m" 

as m ^ 00. 



The case p arbitrary, q = 1 was treated in |[MP|| and the case j9 = 3, g = 1 in |[Mu3||. In 



the latter case we have Spin(3, 1) = SL(2, C). The irreducible representation of Spin(3, 1) 
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with highest weight |(m, m) corresponds to the m-th symmetric power of the standard 
representation SL(2,C) on and we have 

— log Tx(T(m)) = — vo\(X)m^ + 0(m). 

The remaining case is X = SL(3, M)/ S0(3). There are two fundamental weights Ui, i = 
1,2. Both are non-invariant under 6. Let Ti{m), i = 1,2, be the irreducible representation 
with highest weight mui. By Weyl's dimensiona formula one has 

dim(rj(m)) = -rn^ + 0{m), 

as m — i- oo. Let be the compact dual of X. 
Corollary 1.5. Let X = SL(3, M) / S0(3) and X = T\X. We have 

47rvol(X)_ ^ ^^_2n 



log Tx(Tj(m)) = — mdim(ri(m)) + 0{m 

9 vol(Xrf) 



as m — 7- oo. 



Using the equality of analytic and Reidemeister torsion ||Mu2|| , we obtain corresponding 
statements for the Reidemeister torsion Tx{Tx{m)). Especially we have 

Corollary 1.6. Let X = T\X be a compact odd- dimensional locally symmetric manifold 
with S{X) = 1. Let X & i)^ be a highest weight which satisfies Xg ^ X. Let Tx{Tx{m)) be 
the Reidemeister torsion of X with respect to the representation Tx{m). Then vol(X) is 
determined by the set {Tx{Tx{m)) : m G N}. 

Finally we note that Bergeron and Venkatesh |PV|| proved results of a similar nature, but 
in a different aspect. Let S{X) = 1. Let T D Ti D ■ ■ ■ D Tn D ■ ■ ■ be a tower of subgroups 
of finite index with flArFTv = {e}. A representation r of G is called strongly acyclic, if 
the spectrum of the Laplacians Ap(r) on F^vVX stays uniformly bounded away from zero. 
Then for a strongly acyclic representation r they show that there is a constant cg,t > 
such that 

logTp xyir) _ 
Next we explain our methods to prove Theorem p..l| . The first step is the proof of 



Proposition |1.2| . We follow the proof used in ||MP|| . For an irreducible representation r of 
G and t > put 

d 

K{t,T) ■= J](-l)fpTr (e-*^-M) . 

p=0 

Assume that r|r is acyclic, that is H*{X, Er) = 0. Then the analytic torsion is given by 

(4r. r t'''K(t,r) dt] 

s=0 



;i.7) logr,M:=j-r-l t'-^K(t,r)M 
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Now the key ingredient of the proof of Proposition |1.2| is the following lower bound for the 
spectrum of the Laplacians. For every highest weight A which satisfies 7^ A, there exist 
Ci, C2 > such that 

(1.8) Ap(rA(m)) > C^n? - C2, me N, 

(see Corollary \L2^ . Since Tx{m) is acyclic and dimX is odd, Tx{T\{m)) is metric inde- 
pendent [[Mu2|] . Especially, it is invariant under rescaling of the metric. So we can replace 
Ap{Tx{m)) by ^Ap{Tx{m)). Then 

\ogTx{T{m)) f'f-'K (-,T{m)] dt 



;i-9) 

+ - / t-'K{-,Tim) 1 dt. 





-• 




\m 










\ m 





It follows from ( [1.8D and standard estimations of the heat kernel that the second term on 
the right is 0(e~^) as m — 00. To deal with the first term, we use a preliminary form of 
the Selberg trace formula. It turns out that the contribution of the nontrivial conjugacy 
classes to the trace formula is also exponentially decreasing in m. Finally, the identity 
contribution equals \ogT)^ {Tx{m)) up to a term, which is exponentially decreasing in m. 
This implies Proposition |1.2| . 

To deal with the L^-torsion, we recall that for any r, log T^^''(r) it is defined in terms 
of the F-trace of the heat operators e"*^''*-^-' on the universal covering ||Lo|| . In our case, 
g-iAp(r) jg ^ convolution operator and its F-trace equals the contribution of the identity to 
the spectral side of the Selberg trace formula applied to e~*^^'^'^\ It follows that 

logTf (r)=vol(X)-#(r), 



X 

where t)~ (r) depends only on X and r. To compute t ~ ir) we factorize X as X = Xq x Xi, 
where 5{Xq) = and Xi is irreducible with S{Xi) = 1. Let r = tq^ti be the corresponding 
decomposition of r. Let X^d be the compact dual symmetric space of Xq. Using a formula 
similar to ||Lo| , Proposition 11], we get 

t^^\r) = (_i)dim(x.,)/2 xiXy) dini(ro)-tl^)(ri). 
^ vol(Xo,d) 

This reduces the computation of t^-Hr) to the case of an odd-dimensional irreducible 

symmetric space X with S{X) = 1. From the classification of simple Lie groups it follows 
that the only possibilities for X are X = SL(3,R)/ S0(3) or X = Spin(p, g)/(Spin(p) x 
Spin(g)), p,q odd. Using the Plancherel formula, t^~\T) can be computed explicitly for 



X 



(2) 

these cases. Combined with Weyl's dimension formula, it follows that t)~ {Tx{m)) is a 



X 



polynomial in m. In this way we obtain our main result. 

The paper is organized as follows. In section ^we collect some facts about representations 
of reductive Lie groups. Section H is concerned with Bochner-Laplace operators on locally 
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symmetric spaces. The main result are estimations of the heat kernel of a Bochner-Laplace 
operator. In section ^ we consider the analytic torsion in general. The main result of this 
section is Proposition ^4.2| , which establishes part (i) of Theorem LI. Section ^ is devoted 



to the study of the L^-torsion. We reduce the study of the L^-torsion to the case of an 
irreducible symmetric space X with S{X) = 1. This case is then treated in section ^ 
Especially we establish Proposition |T]^ in this case. In section |^ we prove a lower bound 
for the spectrum of the twisted Laplace operators. This is the key result for the proof of 
Proposition |1.2| . In the final section ^ we prove our main result, Theorem |1 . 1| . 

2. Preliminaries 

In this section we summarize some facts about representations of reductive Lie groups. 



2.L Let G be a real reductive Lie group in the sense of | )Kn2| , p. 446]. Let K C G 



be the associated maximal compact subgroup. Then G has only finitely many connected 
components. Denote by G^ the component of the identity. Let q and t denote the Lie 
algebras of G and K, respectively. Let g = t © p be the Cartan decomposition. 

We denote by G the unitary dual and by Gd the discrete series of G. By Rep(G) we 
denote the equivalence classes of irreducible finite-dimensional representations of G. 

Let Q be a standard parabolic subgroup of G ||Kn2|, VII. 7]. Then Q has a Langlands 



decomposition Q = MAN, where M is reductive and A is abelian. Q is called cuspidal if 
Md 7^ 0. Let Km = K (1 M. Then Km is a maximal compact subgroup of M. 
Let Q = MAN be cuspidal. For W^) e Md and z/ e ac, let 

(2.1) TTg,^ = Indg(e ® ® Id) 

be the induced representation acting by the left regular representation on the Hilbert space 
-H^^u = {f:G-^W^: figman) = e-^^^^+^^^P-s'^^eM" 

y m e M, a e A, n e N, g e G, f\K e L\K, W^)} 

with norm given by 

ii/ir= / \f{k)\'w,dk. 

If z/ G a* , then vr^ is unitarily induced. Denote by 0^ the global character of tt^^^. 



2.2. Next we recall some facts concerning the discrete series. Let G be a semisimple 
connected Lie group without compact factors and with finite center. Let iiT C G be a 
maximal compact subgroup. Assume that 5(G) = 0. Then G/K is even-dimensional. Let 
n = dim{G/ K)/2. Let t C t be a compact Cartan subalgebra of g. Let A(gc, tc), A(€c, tc) 
be the corresponding roots with Weyl-groups Wq, Wk- Then one can regard Wk as a 
subgroup of Wq- Let P be the weight lattice in it*. Let (■, ■) be the inner product on 
ii* induced by the Killing form. Recall that A G P is called regular if (A, a) ^ for all 
a G A(gc5tc)- Then Gd is parametrized by the VTft-orbits of the regular elements of P, 
where Wk is the Weyl group of A(tc,tc), |[Knl| , Theorem 12.20, Theorem 9.20]. If A is a 



regular element of P, the corresponding discrete series will be denoted by cja- For vr G G 



7 



we denote by Xtt the infinitesimal character of tt. Let Z{qc) be the center of the universal 
envelopping algebra of Qc- For a regular element A G f)^ let xa be the homomorphism of 
^(Sc); defined by ||Knl| , (8.32)]. By [ Knl| , Theorem 9.20], the infinitesimal character of 



loa is given by xa- Fix positive roots A+(0c,tc) and let P"*" be the corresponding set of 
dominant weights. Let pc be the half sum of the elements of A'^{qc, tc) Then we have the 
following proposition. 

Proposition 2.1. Let r G Rep(G). Then for n E Gd one has 




Moreover, there are exactly \ Wg\/\Wk\ distinct elements of Gd with infinitesimal character 
Xf, where f is the contragredient representation of t. 

Proof. Let A('f) G be the highest weight of r. Clearly A(f) + pc is regular. Thus, since 
Wg acts freely on the regular elements, the proposition follows from |BW|, Theorem 1.5.3] 



and the above remarks on infinitesimal characters. □ 

2.3. Let Q = MAN be a standard parabolic subgroup. In general, M is neither semisim- 
ple nor connected. But M is reductive in the sense of |[Kn2| , p. 466]. Let Km = K Ci M, 
let K^^ be the component of the identity, and let := ^ fl m be its Lie algebra. Assume 
that rank(M) = rank(i^'A/). Then M has a nonempty discrete series, which is defined as 
Knl| , Xll,§8]. The explicit parametrization is given in [ [Knl| , Proposition 12.32], | ]Wa2 



m 



section 8.7.1]. 

3. BocHNER Laplace operators 

Let G be a semisimple connected Lie group without compact factors and with finite 
center. Let K <Z G he a. maximal compact subgroup. Let X = G/K. Let F be a torsion 
free, cocompact discrete subgroup of G and let X = r\X. 

Let u he a. finite-dimensional unitary representation of K on {V„, (■, ■)^). Let 

K :=Gx,K 

be the associated homogeneous vector bundle over X. Denote by Rg-. ^ Ey the action 
oi g E G. The inner product (■, induces a G-invariant fiber metric hy on Ey. Let be 
the connection on Ey induced by the canonical connection on the principal K-&oei bundle 
G G/K. Then is G-invariant. Let 

Ey ■= T\Ey 

he the associated locally homogeneous bundle over X. Since hy and V are G-invariant, 
they can be pushed down to a metric hy and a connection on Ey. Let G°°(X, Ey) resp. 
G°°(X, Ey) denote the space of smooth sections of Ey resp. of Ey. Let 

(3.1) G°^(G,z/) := {/ : G ^ K: / e G°°, f{gk) = v{k-^)f{g), yg eG,\/ke K}. 



8 WERNER MULLER AND JONATHAN PFAFF 

Let LF'{G,v) be the corresponding L^-space. There is a canonical isomorphism 

(3.2) A:C^{X,E^)=C^{G,u) 

which is defined by Af{g) = Rg^{f{gK)). It extends to an isometry 

(3.3) A: L'^{X,E^) = L'^{G,iy). 
Let 

(3.4) G^{T\G, v) := {/ G C°°(G, v) : f{^g) = f{g) ^g G G, V7 G T} 



and let L (r\G, z/) be the corresponding L -space. The isomorphisms ( |3.2| ) and 
descend to isomorphisms 

(3.5) A:G^{X,E^) = G'^{r\G,u), L\X , E^) = {r\G , u) . 

Let Ai, = V be the Bochner-Laplace operator of E^. Since X is complete, A^, with 
domain the space of smooth compactly supported sections is essentially self-adjoint [[LM| , p. 
155]. Its self-adjoint extension will be denoted by Ay too. With respect to the isomorphism 
r2D one has 



(3.6) A, = -R{n) + u{nK), 

where R denotes the right regular representation of >Z(gc) on G°°{G, z/) (see ||Mil| , Propo- 
sition 1.1]). The heat operator 

e-*^": L\G,u) ^ L\G,u) 
commutes with the action of G. Therefore, it is of the form 

(3.7) (e-*^''0)(^) = / H;:ig~'g'mg'))dg' 

Jg 

where 

H'^-.G^ End(K) 
is in C°° n and satisfies the covariance property 

(3.8) H^{k~^gk') = u{k)-^ oH^{g)ou{k'), ^k,k' e K,\/g e G. 

It follows as in ||B1V1| , Proposition 2.4] that belongs to all Harish- Chandra Schwartz 
spaces (C^(G') ® End(K)), g > 0. 

Now let ||if^''((?)|| be the norm of H^{g) in End(Vy). Let Aq be the Laplacian on functions 
on X and let be the associated heat kernel as above. We may use the principle of 
semigroup domination to bound ||if('^((7)]| by the scalar heat kernel. Indeed we have 

Proposition 3.1. Let v E K . Then we have 

mm<H',{g) 

for all t G IR+ and g e G. 



Proof. Let K^{t,x,y) be the kernel of e , acting in L^(X,i?j,). Denote by \K^{t, x,y)\ 
the norm of the homomorphism 



K^{t, X, y) G Horn {E^)y, (E^)^ . 



It was proved in ||Mul| , p. 325] that in the sense of distributions, one has 

d 



dt 



+ Ao |if,(t,x,i/)| <0, 



where Aq acts in the x-variable. Using (3.15) in |[Mul|| one can proceed as in the proof of 
Theorem 4.3 of |pL|| to show that 



(3.9) 



\K^{t,x,y)\ < Ko{t,x,y), t G M+, G X, 



where KQ(t,x,y) is the kernel of e See also [ pn| , p. 7]. Now observe that 

H^{g-'g') = R-^ o K,{t, gK, g'K) o R^. and H^A9'^9') = Mt, QK, g'K). 
Since for each x E X, Rg-. {Ey)x — )■ (-E'v)g(x) is an isometry, the proposition follows from 



Now we pass to the quotient X = r\X. Let A^, = be the Bochner-Laplace 

operator. It is essentially self-adjoint. Let Rr be the right regular representation of Z{qc) 
on C^{r\G, v). By ( |3.(j| ) it follows that with respect to the isomorphism ( |3.5| ) we have 



(3.10) 



A, = -Rr{n) + v{nK). 



Let e be the heat semigroup of Aj,, acting on L'^{T\G,u). Then e is represented 
by the smooth kernel 



(3.11) 



H,{t,g,g') :=J2H^{9-'ig')- 

7er 



The convergence of the series in (|3.11|) can be established, for example, using Proposition 



[T| and the methods from the proof of Proposition p.2| below. Put 
(3.12) h'i{g):=tTH^{g), g e G, 

where tr: End(V^) — )■ C is the matrix trace. Then the trace of the heat operator e"*'^" is 
given by 



(3.13) 



Tr(e 



tr H^{t,g,g) dg 



Y,K{g-'ig)dg. 



Using results of Donnelly we now prove an estimate for the heat kernel of the Laplacian 
Ao acting on C°°(X). 
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Proposition 3.2. There exist constants Cq and Cq such that for every t G (0, 1] and every 
g E G one has 



J2H?{9-'l9)<Coe-^"/\ 

7^1 



Proof. For x,y E X let p{x, y) denote the geodesic distance of x, y. Since K{t, gK, g'K) = 
H^{g~^g') is the kernel of e~*^°, it follows from ||Dol| , Theorem 3.3] that there exists a 



constant Ci such that for every g G G and every t G (0, 1] one has 

(3.14) ff«(,)<C,t-?exp(-^!<*|i^')' 

Let X G X and let Br{x) be the metric ball around x of radius R. Let h > Q he the 
topological entropy of the geodesic flow of X (see [|Ma|| ). There exists C2 > such that 

(3.15) ^o\Br{x) < Cse'^^, R>0 

||Ma|| . Since F is cocompact and torsion-free, there exists an e > such that B^{x) fl 
7-Be(x) = for every 7 G F — {1} and every x G X. Thus for every x G X the union over 
all 7i?e(x), where 7 G F is such that p(x, 7x) < i? is disjoint and is contained in Br-^^{x). 
Using ( p.l5| ) it follows that there exists a constant C3 such that for every x G X one has 

#{7GF:p(x,7x)<i?}<C3e'^^. 
Hence there exists a constant C4 > such that for every x G X one has 



(3.16) Y.^~^<G, 
Now let 



7Gr 
7^1 



Ci := inf {p(x, 7x) : 7 G F — {1}, x G X}. 



We have Ci > 0. Using ( |3.14| ) and ( |3.16|) , it follows that there are constants Cq > and 



Co > such that for every g E G and < t < 1 we have 
7er 7er 

□ 

4. The analytic torsion 

Let T be an irreducible finite-dimensional representation of G on V^. Let Er be the fiat 
vector bundle over X associated to the restriction of r to F. Let E'^ be the homogeneous 
vector bundle associated to r|i^ and let E'^ := F\£'^. There is a canonical isomorphism 

(4.1) E^ ^ E^ 
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MtM| , Proposition 3.1]. By [ [MtM| , Lemma 3.1], there exists an inner product (■, ■) on 



such that 

(1) {t{Y)u,v) = - {u,t{Y)v) for all Y ei,u,veVr 

(2) {t(Y)u,v) = {u,t{Y)v) for all Y ep,u,ve 

Such an inner product is called admissible. It is unique up to scaling. Fix an admissible 
inner product. Since rl^- is unitary with respect to this inner product, it induces a metric 
on E^, and by on Er, which we also call admissible. Let AP{Er) = ApT*{X) ® Er. 
Let 

(4.2) i/p(r) := A^' Ad* : K ^ GL(APp* ® K). 
Then there is a canonical isomorphism 

(4.3) A^iE^) = r\(G x,^(,) A^p* ® K). 

of locally homogeneous vector bundles. Let A^(X, E^-) be the space of smooth £'T--valued 
forms on X. The isomorphism (|4.3| ) induces an isomorphism 



(4.4) A^iX,E^)^C^iT\G,u,iT)), 



where the latter space is defined as in (|3.4|) . A corresponding isomorphism also holds for the 
spaces of L^-sections. Let Ap(r) be the Hodge-Laplacian on A^{X, Er) with respect to the 
admissible metric in E^-. By ||MtM| , (6.9)] it follows that with respect to the isomorphism 
L4|) one has 



(4.5) A,{r)f = -Rr{n)f + T{n)ldf, f e C^{T\G,u,{t)). 
Let 

d 

(4.6) K{t,T) := ^(-l)PpTr(e-*^-M). 

p=i 

and 

d 

(4.7) h{T) := ^(-l)Ppdimi7P(X,E,). 

p=i 

Then K{t, r) — /i(r) decays exponentially as t — )■ oo and it follows from ( p..l|) that 

(4.8) l„gT,(r) = 1 A (J_ t-W, r) - Hr)) m) [__, 

where the right hand side is defined near s = by analytic continuation of the Mellin trans- 
form. Let Ey^^r) ■■= G x^^(^r) APp* ® K and let Ap(r) be the lift of Ap(r) to C°°(X, E^^^^))- 
Then again it follows from fEM\ , (6.9)] that on C°°(G, z/p(r)) one has 

(4.9) Ap(r) = -i?(fi) +r(fi)Id. 
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Let e"*^''*^^-' be the corresponding heat semigroup on L'^{G, z/p(r)). It is a smoothing oper- 
ator which commutes with the action of G. Therefore, it is of the form 

(e-*^^M0) (g) = I Hrig-'g')<Pig') dg', G L^G, z/,(r), g G G, 

where the kernel 

(4.10) Hl'P : G End(APp* ® K) 
belongs to G°° fl and satisfies the covariance property 

(4.11) Hl'^{k~'gk') = v,{r){k)-'Hl'^{g)v,{r){k') 

with respect to the representation (|4.2|) . Moreover, for all g > we have 

(4.12) Hl'^ e {C^iG) ® End(APp* ® K))^""^, 

where C'^{G) denotes Harish-Chandra's L^-Schwartz space. The proof is similar to the 
proof of Proposition 2.4 in PM|| . Now we come to the heat kernel of Ap(r). First the 
integral kernel of e"*'^''*^'^'', regarded as an operator in L^(r\G, z/p(r)), is given by 

(4.13) H^^^{t-g,g'):=Y,Hl'''{g-'ig'), 

As in section |^ this series converges absolutely and locally uniformly. Therefore the trace 
of the heat operator e"*^'''-'^^ is given by 

Tr(e-*^-M) = / tTH^^P{t-g,g)dg, 
Jr\G 

where tr denotes the trace tr: End(V^) — i- C. Let 

(4.14) hl'^{g):=tTHl'^ig). 
Using ( [4.13| ) we obtain 

(4.15) Tr (e-*^^M) = [ J2 ^Vig-'ig) dg. 

Jr\G ~; 

Put 

(4.16) ki = j2i-^rpK 



7er 



d 



^7- 



p=i 



Then it follows that 



(4.17) K{t,T)= [ y^kl{g-^^g)dg. 

Let -Rr be the right regular representation of G on L'^{T\G). Then ( |4.17|) can be written 

as 

(4.18) K(t,r) = Tri?r(fc[). 
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We shall now compute the Fourier transform of kj. To begin with let vr be an admissible 
unitary representation of G on a Hilbert space T-L-,,. Set 



T,p\ 



T^{g)®Hl'\g)dg. 



G 



This defines a bounded operator on "Htt ® A^p* ® V^. As in | )BM| , pp. 160-161] it follows 
from ( |4.11| ) that relative to the splitting 



V-^ ® APp* ®Vr = (n^ ® A^p* ® K 

tt{HI'^) has the form 





with Tr{Hl'P) acting on O A^p* ® K)^- Using (U) it follows as in [gM|, Corollary 2.2] 
that 

(4.19) ^{Hl'") = e*(-(^)-^(^)) Id 

on ("H^ (g) A^p* (g) K)^- Let {^„}„eN and {ejj'Jli be orthonormal bases of V.^ and A^'p*(g)K, 
respectively. Then we have 

oo m 

n=l j=l 

oo m „ 

n=l j=l 
oo „ 

X] / ht'^i9){'^{9)^n,^n) dg 



(4.20) 



n=l 



G 



= Tr TT{h 

Let IT & G and let Bjr denote its character. Then it follows from (|4.16|) , ( [4.19|) and ( [4.20| ) 
that 

d 

(4.21) QAK) = e*("(^)-"(^)) J2(~'^yP ■ (^M'Hn ® Afp* ® K)^. 

p=i 

Now we consider the case of a principle series representation. Let Q be a standard cuspidal 
parabolic subgroup. Let Q = MAN be the Langlands decomposition of Q. Denote by a 
the Lie algebra of A. Let Km = K H M. Let (^, W^) be a discrete series representation 
of M and let z/ G a^- Let n^^t, be the induced representation and let Q^^i, be the global 
character of vr^^j, (see section 

Proposition 4.1. Let Y E a be a unit vector and let py be the orthogonal complement of 
Y in p. Then 

(i) e^,u{kl) = e*("«.'^(^)~-(^)) dim [W^ ® {A°'^'^p*y - A^^p*y) ® Vr)^" , 
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(ii) Q^,u{kl) = z/dimaq > 2. 
Proof. By Frobenius reciprocity | Knl , p. 208] and ( ^4.21 ) we get 



d 

e^^^{kj) = e*(-e..(f^)-(f^)) ^(-l)Ppdim {W^ ® A^p* ® K)^"" • 

p=i 

Now 

p* = Mr* © py 

as -ft^M-niodule. Therefore, in the Grothendieck ring of Km we have 

d d 

5](-i)pj9A"p* = J2i-^Tp[^''P*Y ® A^-ip;.]^ 
p=i p=i 

d d-1 

(4.22) = ^(-irpA^p^ + Y,i-^y^\p + ^wp*y 

p=l p=0 

= $^(-l)^+^A^p^. 

p=0 

Tensoring with and and taking i^'^/- invariants, we obtain (i). 

To prove (ii), suppose that there is a nonzero H G a fl py. Since M centrahzes H, 
e{H) + i{H) is a Km intertwining operator between A'^^py and A°'^'^py, and non-trivial 
since H ^ 0. Hence A'^^py and A°'^'^py are equivalent as i^'Af-modules and (ii) follows. □ 

Proposition 4.2. Assume that S{X) >2 or that X is even- dimensional. Then Tx{t) = 1 
for all finite- dimensional irreducible representations r of G. 

Proof. Let 

Rr = ^mr(7r)7r 

TreG 

be the decomposition of the right regular representation Rr of G on L'^(T\G), see |[Wal , 
section 1]. Then by ([4.18|) we have 

(4.23) K{t,r) = J2^r{rr)eAK)- 

7t£G 

The series on the right hand side is absolutely convergent. First assume that 6{X) > 
2. By |Pe| , section 2.2] the Grothendieck group of all admissible representations of G is 
generated by the representations tt^^a , where tt^^a is associated to some standard cuspidal 
parabolic subgroup Q of G as in ( |2.1| ). Since S{X) > 2 one has Q^^xiK) — every such 
representation by Proposition |4.1| . Thus one has G^(fc^) = for every irreducible unitary 
representation of G. By ( |4.23| ) it follows that K{t,T) = 0. Let /i(r) be as in ( |4.7] ). Since 
K{t, t) — /i(r) decays exponentially as t — )■ oo, it follows that K{t, r) — /i(r) = and using 
the first statement follows. 
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Now assume that d = dimX is even. Note that as i^'- modules we have 

APp* ^ A'^-Pp* , p = 0,...,d. 

Since d is even, it follows that in the representation ring R{K) we have the following 
equality 

5](-i)^MV = 2E(-iW*- 

p=0 p=0 

Let i-K.U^) G G. Then it follows from (Oil) that 



d 



2 

p=0 



Let 1-Ltt,k be the subspace of Tin consisting of all smooth i^-finite vectors. Then 

{n^^K ® A^P* ® Vr f = (H. ® A^p* ® K)"^. 
Thus the (g, ii')-cohomology H*{q, K-jT-L^ k ® K-) is computed from the Lie algebra co- 



homology complex {[Htt A^p* (g) VVj'^jrf) (see | BW|| ). Using the Poincare principle we 
get 

d 

(4.24) e.(A;[) = -e*W^)--(^) ^(-1)^' dim //^(fl, i^; 7/^,;, ® K)- 

p=0 

Now by II.3.1, 1.5.3] we have 

' [-H^ ® APp* ® K]''', v^(^]) = r(fi); 



(4.25) HP{Q,K-n.^K®Vr 



0, 7r(fi) 7^ r(fi). 



Hence for every vr G G one has 9^(fc^) G Z and 9,r(^r) is independent of t > 0. Thus by 
(g), ir(t, r) is independent of t > 0. Let /i(r) be defined by Then ir(t, r) -/i(r) = 

0(e-^*) as t ^ oo. Hence K{t, r) = /i(r). By (g^) it follows that Tx(r) = 1. □ 

5. L^-TORSION 



In this section we study the L^-torsion T^\t). For its definition we refer to [ [Co| . Actually 



m 



Lo | only the case of the trivial representation tq has been discussed. However the 
extension to a nontrivial r is straight forward. The definition is based on the F-trace of the 
heat operator e~^^^^^^ on the universal covering X (see |Co|). For our purposes, it suffices 
to introduce the L^-torsion for representations r on X which satisfy tq ^ r. 



Let hl'^ be the function defined by ( [4.14| ). By homogeneity it follows that in our case the 
F-trace is given by 

(5.1) Trr (e'^^''^")) = vol(X)/iI'^(l). 
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In order to define the L^-torsion we need to know the asymptotic behavior of hl'^{l) as 
t — and t — 7- oo. First we consider the behavior as t — ?■ 0. Using ( [4 .151 ) we have 

(5.2) vol(X)/.['^(l) = Tr (e-*^^^) - / h7i9''l9) dg. 

To deal with the second term on the right, we consider the representation z/p(r) of K which 
is defined by ([4.2|) , and for p = 0, . . . , n we put 

(5.3) Ep(r) ■.= T{9)\d-u^{T){nK), 

which we regard as endomorphism of A^p*®VV. It defines endomorphisms of M'T*{X)®Er 
and of hPT*{X) (g) E-r. By ( |3.6D and ( ^.9| ) for the Bochner-Laplace operator ^vj,{t) and the 
Hodge-Laplace operator Ap(r) on the bundle Ey^i^) we have 

(5.4) A,(r) = A,^(,) + i?,(r). 

Similarly, by ( |3.10D and (^) for the corresponding operators on -E'z/p{T) we have 

(5.5) Ap(r) = A,^(.) + Ep(r). 

Let i'p{t) = ©o-gif"^((T)cr be the decomposition of z^p(t) into irreducible representations. 
This induces a corresponding decomposition of the homogeneous vector bundle 

^^pM = ^m{a)E„. 

With respect to this decomposition we have 

(5.6) Ep(r) = m{a) (r(l]) - ai^K)) Idy„, 

where a{VLK) is the Casimir eigenvalue of a and is the representation space of a, and 

(5.7) A,^(.) = 0m(a)A.. 

This shows that At,p(T-)(r) commutes with Ep^r). Let H^^^'^^ be the kernel of e"*^"''^^^ and 
let H^'^ be the kernel of e"*^"^'^). Using (|5^ we get 

(5.8) Hl''{g)=e~''^^^^KH^^^^\g), g e G. 
Let c G M be such that Ep{T) > c. By Proposition it follows that 

(5.9) \\Hr''ig)\\<e-^'H?ig), teR\geG. 
Taking the trace in End(A*'p* K-) we get 

(5.10) Yl \K''{g-'ig)\<(f)dim{T)e-'^' Yl H?ig-'ig), tER-^,geG. 
7Gr-{i} ^ ^ 7Gr-{i} 



17 



Thus by Proposition |3.2| there exist Ci, Ci > such that 



(5.11) 



for < t < 1. Thus by (|]| 



/ E \h7{9-'l9)\dg<C,e-^^" 



hni) = -i^ Tr (e-*^^W) + 0(e--/*) 

for < t < 1. Using the asymptotic expansion of Tr (e^*^''*^'^-') (see ||Gi|| ) , it follows that 
there is an asymptotic expansion 

oo 

(5.12) /^I'^(l)~Ea,r^/2+^- 

j=0 

as t — >■ 0. To study the behavior of hl'^{l) as t — )■ oo, we use the Plancherel theorem, which 
can be applied since h^'^ is a i^'-finite Schwarz function. Let vr be an admissible unitary 
representation of G on a Hilbert space Ti^- It follows from ( ^.19| ) and ( [4.20| ) that 

Tr 7r(/i['0 = e*(-(^)'^(^» dim {U^ ® A^p* ® Vrf . 

Let Q = MAN be a standard parabolic subgroup of G. Let (^, W^) be a discrete series 
representation of M. Let (•, ) denote the inner product on the real vector space a* induced 
by the Killing form. Fix positive restricted roots of a and let pa denote the corresponding 
half-sum of these roots. Define a constant c(^) by 

(5.13) c{0:=-{Pa,Pa)+mM). 

Recall that for z/ G o* one has 

(5.14) T,^^^(^n) = -{u,u)+c{0. 

Then by the Plancherel theorem, PQ , Theorem 3] and (|5.14|) we have 

/i['P(l) =J2Y1 e^*("(^)~^(«)) / e-*"''"' dim {H^^, ® A^'p* ® V^f Pi:{tu) du. 

Here the outer sum is over all association classes of standard cuspidal parabolic subgroups 
of G and p^(iz^), the Plancherel- density associated to vr^^t,, is of polynomial growth in u. 
Let Km = K H M. By Frobenius reciprocity we have 

(5.15) dim {H^,^ ® A^p* ® V^f = dim {W^ ® A^p* ® K)^"' • 
Thus we get 

(5.16) /i['^(l) = J] J] dim {Wi: ® APp* ® Vrf'' e-*^"^^)-'^^^)) f e-*"""^?!^'^) du. 

The exponents of the exponential factors in front of the integrals are controlled by the 
following lemma. 
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Lemma 5.1. Let (t, V^) G Rep(G). Assume that t ^ tq. Let Q = MAN be a cuspidal 
parabolic subgroup of G. Let ^ G Md and assume that dim {W^ ® A^p* ® Vr) 7^ 0. Then 
one has 

T{n) - c(0 > 0. 

Proof. Assume that t{Q) — c{C,) < 0. Then by ( ^.141) there exists a z/q G a* such that 

Together with ( |5.15| ), our assumption and [ [BW| , Proposition II. 3.1] it follows that 

where 'H^^uo,k are the K-finite vectors in T-L^^uo Since r ^ tq, this is a contradiction to the 
first statement of [p3W| , Proposition II. 6.12]. □ 



Let r G Rep(G) and assume that r satisfies r ^ rg. It follows from ( |5.16| ) and Lemma 
T| that there exists c > such that 



(5.17) 



as t — )■ 00. Using ( p.l2| ) and ( |5.17| ) it follows from standard methods, see for example 
that the Mellin transform 

/>oo 

/l['^(l)t^-l 

converges absolutely and uniformly on compact subsets of the half-plane Re(s) > d/2 and 
admits a meromorphic extension to C which is holomorphic at s = if ci = dim(X) is odd 
and has at most a simple pole at s = for d = dim(X) even. Thus we can define the 
L^-torsion T^\t) G M+ by 

d 



(5.18) 



log T|)(r) ■.= lJ2^-irp 



p=i 



1 



ds V r(s) 



s=0 



where the right hand side is defined near s = by analytic continuation. For t > let 
(5.19) K^'\t,T):=J2i-^ypK''i^)- 



p=i 



Put 
(5.20) 



1 d 



2ds\T{s)Jo 



1 



K'^^\t,T)t'-Ut 



s=0 



Then t^-^r) depends only on the symmetric space X and r, and we have 



(5.21) 



logTf (r)=vol(X)-t^|^(r). 



(2), 



X 



19 



Next we establish an auxiliary result concerning the twisted Euler characteristic. We let 
r G Rep(G') be arbitrary. Let 'W{X, E^-) := ker Ap(r) be the space of i?T--valued harmonic 
]9-forms. Let 

d 

be the twisted Euler characteristic. Furthermore, let Xd denote the compact dual of X. 
Proposition 5.2. If 6{X) ^ 0, we have x{X,E^) = 0. If 6{X) = 0, one has 



(5.22) 



X{X,E,) = (-l)«vol(X)4^dim(r) 



vo\{Xd) 
where n = dim(X)/2. 

Proof Let n eG. It follows from (|4l9| ) and that 

d d 

^(-If e^(/ir) = e*^'^^^^-"^^" ^(-l)PdimCH, ® APp* ® K)"^- 

p=0 p=0 



Using |[BW| , II. 3.1] and the Poincare principle as in the proof of Proposition [4.2| , we get 
(5.23) 



5^(-l)^'e^(/ir) = dim/7^'(g, i^; T^.,^ ® K). 

p=0 p=0 



Now by PW| , Theorem 1.5.3] it follows that if HP{Q,K;n^^K ® K) 7^ 0, then = Xf, 
where f is the contragredient representation of r. By | |Knl| , Corollary 10.37, Corollary 9.2] 
there are only finitely many representations vr G G with a given infinitesimal character. 
Thus if Q = MAN is a fundamental parabolic subgroup with Q ^ G and if ^ G M^, it 
follows that there are only finitely many A G a* such that 



(5.24) 



^(-i)^e^,.(/^r) ^ 0. 

p=0 



Hence by the Plancherel-Theorem, |piC| , Theorem 3] and ( |5.23| ) we get 

d d 
(5.25) Y.^-VfKr{\) = 5^(-l)^ 5^ d{n)dimHP{g,K;'H.,K®Vr), 

where Gd denotes the discrete series of G and (i(7r) denotes the formal degree of vr. The 
sum is finite. Let 

b'^\X,E^) := limTrr (e''^'''^^^^ 



20 WERNER MULLER AND JONATHAN PFAFF 

be the L^-Betti number. Using that (|5.25| ) is independent of t and (pTl]), we get 

d d 

(5.26) vol(X)5^(-l)X'^(l) = Y,i-m?\X,E^) = x^'\X,E^). 

p=0 p=0 

By the T-index theorem of Atiyah we have x^^K^^Er) = x{X,Er)- Hence by ( |5.25| ) 
and ( |5.26|) we get 

d 

(5.27) x{X, Er) = vol(X) ■ Y,{-IY dimH^iQ, K- U.^k ® K). 

If 5{X) 7^ then Gd is empty and hence, this sum equals zero, which proves the first 
statement. Now assume that 5{X) = 0. Then X is even-dimensionaL Let dim(X) = 2n. 
We keep the notation from section |2.2| . By [p| , Corollary 5.2] for A' = w{A{f) + pc), 
w G Wg/Wk one has 

dim(r) 



d{uAi 



Y0\{Xd 



and so together with Proposition ^]T| we get 

d 



(5.28) V(-l)^ V rf(7r)dim/7^'(0,K;?/.,^®K) = (-1)"— ^#(1^g/W^x) dim(r). 
Finally, by [po|, page 175] one has 

#{Wg/Wk) = x{Xd). 

Applying equation (|5.28| ), the proof of the Proposition follows. □ 

Remark 1. We remark that if X is Hermitian and r is the trivial representation, then 
equation ( |5.22| ) reduces to Hirzebruch's Proportionality principle. 

Now we assume that S{X) = 1 and that X is odd-dimensional. By the classification of 
simple Lie groups we have X = Xq x Xi, where S{Xo) = and Xi = SL(3,]R)/ S0(3) or 
Xi = Spin(p, g)/(Spin(]9) x Spin(g)), p,q odd. Let Xq = Gq/Kq and let Gi = SL(3,M), 
Ki = S0(3) or Gi = Spin(p, g), Ki = Spin(p) x Spin(g), p,q odd. Let G = Gq x Gi. Let 
r be a finite-dimensional irreducible representation of G and assume that t ^ Tg. Then 
T = To ® Ti, where Xj is an irreducible representation of Gi, i = 0,1, and ti ^ Ti^g. 

Proposition 5.3. Let S{X) = 1 and assume that X is odd- dimensional. Let X = Xq x Xi, 

where Xi is an odd- dimensional irreducible symmetric space with ^(^i) = 1. Let t be a 
finite- dimensional irreducible representation of G with r '^tq. Then 

tf{r) = (_l)dimXo/2 XiXo,d) ^^^^ . ^(2) ^^^y 



vol(X, 



OA 
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Proof. Let E ^ X he the homogeneous vector bundle associated to t\k- Similarly, let 
Ei — )■ Xi be the homogeneous vector bundle associated to Ti\K,, i = 0,1. Then E = Ei^E2 
and 

A\X,E)^ (ap(XoJo)®A''(XiJi 

p+q=k 

With respect to this decomposition we have 

^kir)= (Ap(ro)®Id + Id®A,(ri; 

Let if^^''^ and H^"^, z = 0, 1, be the corresponding heat kernels. Then it follows that 
Hi''' = ©p+,=fci7[°'^ ® i/^'^. Hence for h^''' = tr H^''' and /i^'^ = tri/^^^ ^ = 0, 1, we have 

p+q=k 

Using this equality, we get 

k=0 p=0 q=0 

(5.29) = /^r'^(l) ■ /^^''^(l) 

p=0 9=0 

+ f2{-iyhr'\i)-f2{-irph?''{i). 

q=0 p=0 

Let Fj C Gi, i = 0,1, any cocompact, torsion free discrete subgroup. The existence of the 
Fj follows from our assumptions on the Gi stated in the introduction and from results of 
Borel [|Bor|| . Put Xi = Fj\Xj and Ei = T\Ei. By ( p.26| ) and the remark following it we 
have 

(5.30) = ^ = 0'1- 

Taking the Mellin transform of (|5.29|) and using (|5.30|) and Proposition 52, the proposition 
follows. □ 

6. The asymptotics of the L^-torsion for S{X) = 1 

In this section we study the asymptotic behaviour of the L^-torsion of an odd-dimensional 
irreducible symmetric space X with S{X) = 1. Then we can assume that either G = 
Spin(p, g), p,q odd, and K = Spin(p) x Spin(g), or G = SL3(R) and K = S0(3). To 
compute the torsion in these cases, we need some preparation. Let Q = MAN be a 
fundamental parabolic subgroup of G, i.e. we have dim(A) = L Let M° be the identity 
component of M and let m be its Lie algebra. Then in our case m is always semisimple. 
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Let Km := K H M, let K^j be the identity component of Km and let ^ H m be its 

Lie algebra. Let t be a Cartan subalgebra of i^n- Then t is also a Cartan subalgebra of m 
and of t. Moreover f) := a © t is a Cartan subalgebra of g. 

Let A(gc, l)c)? ^(nxc, tc)? A((^m)c! tc) be the corresponding roots. Then there is a canon- 
ical inclusion A(mc, tc) ^ '^{dc, he)- Fix a positive restricted root ei G a* and fix positive 
roots A+(mc,tc)- In this way we obtain positive roots A+(gc,f)c)- Let pc resp. pm be 
the half sums of the elements of A+(0C) ^c) and A+(mc,tc), respectively. By our choices 
we have pclm = Pa/- 

Let 



Then we have 



T:={nieKM. Ad(m)|t = Id}. 
T = {keK: Ad(fc)|t = Id}. 



Thus T is connected. Let N^^ and Nj^o be the normalizers of t in Km and K\.j, respec- 
tively. Let Wk,, := Nk.JT and let wi = N^iJT be the Weyl group of A((!^)c,tc). 
Moreover we let W^n be the Weyl group of A(mc, tc)- Finally we let 

W{A) ■={keK: Ad{k)a = a} /Km- 

The following lemma is certainly well-known and has already been used by Olbrich, |0T| , 
page 15]. However, for the sake of completeness, we include a proof here. 

Lemma 6.1. One has 

Proof. By [^, Proposition 7.19 (b)] one has # (M/ikfO) = ^^{Km/KIj). Let k e Km- 
Then Ad(A;)t is a maximal torus in and thus there exists a A;*^ G K^m such that 
Ad(fc)t = Ad(fc°)t. Hence every element of Km/K^ has a representative in Nx]^i and 
thus there are canonical isomorphisms Km/K^m — ^KmI-^kI,, — W^XM/^t™- In other 
words iM/iCAfl/I^Jml equals the number of components of M. Let Op be a maximal abelian 
subspace of p containing a, let A^^ be the corresponding restricted roots and let Vr(A(jJ 
be the corresponding Weyl-group. One has W{Aa^) = A''x(ap)/Zi^(ap), where NxicLp) resp. 
Zxicip) are the normalizer resp. centralizer of Op in K. Moreover by ||Kn2| , Proposition 8.85] 
each element of iy(y4) has a representative in Nxidp), i.e can be extended to an element of 
W{Aa^) which fixes a. Now a case-by-case study easily implies that W{Aa^) contains such 
an element which is non-trivial if and only if G = Spin(p, 1). In this case M is connected. 
In all other cases, M has exactly two components. This proves the Lemma. □ 

Let Hi E a with ei(ifi) = 1. Then we normalize the Killing form B by l/B{Hi, Hi). We 
let ||-|| be the corresponding norm on the real vector-space it* © a*. Let Q be the Casimir 
element with respect to the normalized Killing form. Then for r G Rep(G') with highest 
weight A(r) we have 

(6.31) Tin) = WAir) + pcf - Wpcf ■ 
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The restriction of the normahzed Kilhng form to m is non-degenerate and Ad-invariant. 
Let Qm be the corresponding Casimir element. For a G Rep(M'') with highest weight 
A (a) G it* we define 

(6.32) c{a) := \\A{a) + pMf - Wpcf ■ 
Then one has c{a) = Xai^M) ~ Wpclalf and thus one has 

(6.33) c(a) = c((t) 

for every a G Rep(M°). Let Wg := W{Qc,hc) be the Weyl group of A{gc,^c) and for 
w G Wg let £{w) be its length with respect to the simple roots defined by A"'"(0c, f)c)- 
Finally let 

:= {w eWg-. w'^a > Va G A+(mc, tc)}- 

The subspace n is even- dimensional and we write dim(n) = 2n. For k = 0, . . . ,2n let 
iJ^(n; Vr) be the Lie-algebra cohomology of n with coefficients in Vr. Then the H^{n; Vr) are 
M°^-modules and their decomposition into irreducible M^A-components can be described 
by the following theorem of Kostant. 

Proposition 6.2. In the sense of A-modules one has 



(ui)=fc 



where Vr{w) is the M^A module with highest weight w(A(r) + pc) — Pg- 

Proof. See for example [|Wi , Theorem 2.5.1.3]. □ 

Corollary 6.3. As A-modules we have 

0(-i)^aV ® k = (-i)'^'"V.(^). 

fc=o wew^ 
Proof. This follows from Proposition |6.2| and the Poincare principle [[Ko| , (7.2.3)]. □ 

For w G let (Jr,w ^ Rep(M°) be the finite-dimensional irreducible representation of 
M° with highest weight 

(6.34) A{(Tr,u,) ■■= w(A(r) + pc) |t - Pm, 
and let At-,«, G M be such that 

(6.35) w{A{t) + pg)|o = K,wei. 

Then we have the following corollary about the Casimir eigenvalue. 
Proposition 6.4. For every w G one has 

^(^) = A' +c(a,,^). 
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Proof. By ( |6.31[ ) we have 

Tin) = ||A(r) + paf - Wpcf = lk(A(r) + PG)f - Wpcf 

= \\K,weif + \\M'^T,w) + pAif - Wpcf = K,w + c(cr^,u,)- 

□ 

Let kl be defined by ( fl.l6| ). Our next goal is to compute the Fourier transform of fc^. Note 
that, since T is connected, it follows from |[Wa2| , section 6.9, section 8.7.1] that for every 
discrete series representation ^ of M over there exists a discrete series representation 
of M° over W^o such that ^ is induced from . Moreover, since M° is semisimple, 
the discrete series of M° is parametrized as in section p.2| . By [|Wa2| , section 8.7.1], two 
discrete series representations and ^2 of with corresponding parameters A^o, A^o as 
in section |2.2| induce the same discrete series representation of M if and only if A^o and 

Ago are -conjugate. For ^ e Md and A G C we let vr^ ^ := 7rg,Aei, 0g,A '■= ©^.Aei- 

Proposition 6.5. Let C, G with infinitesimal character xiO- Pm P H m and let 
V := \ dimpm. Then for A G C one has 

e^^^iki) = i-iy J2 (-i)^('")+ie-*(^'+^-»). 

Proof. One has 

n^^,{n) = -X'+\\A^f-\\pGf. 
Thus if cr G Rep(M'') is such that Xo- = one has 
(6.36) TT^^xi^) = -X^ + c{a). 

Let Ago be as above. Then ^\km is induced from C.^Ik'Ij and by Frobenius reciprocity 
one has 

[Afp* ® Hg ® Vrf = [A^p* ® PVg ® Vrf'' = [A^p* W^, ® Vrf'" . 
Thus by ( [4.19| ) one has 

p=0 



Let py be as in Proposition ^A\ . Since dim a = 1, it follows that as K^j modules py = pm©t^- 
Using ( [4.22| ), it follows that as modules we have 

d d 2n 

Y^i-lfpAPp* = ^(-l)P+iA*'(p; © n*) = 5^(-l)'=+i (A^^p; - A^^'Y^) ® A'^n*. 

p=0 p=0 k=0 
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Thus together with Corollary and the Poincare principle one gets 

d 

p=0 «;6VK1 

where x(iTi) -^m^ W/^" ® denotes the Euler-characteristic of the (m, -K'°.f)-cohomology 

with coefficients in the M'^-module Vr(w) ® W^o. Thus the proposition follows from Propo- 
sition pni , Proposition |6^ , equation ( p.36| ) and equation ( |6.33|) . □ 

Next we come to the Plancherel measures. For ^ G Md we let G M° be as above. 
Fix a regular A^o G it* corresponding to as in section 2^ and let := A^o. Choose 
positive roots A+(mc, tc; A^) such that A^ is dominant with respect to these roots. Let 
A+(gc, f)c; Ag) be positive roots defined via A"''(mc, tc; A^) and ei and let Pg,a^ be the 
half-sum of the elements of A+(rric, tc; A^). For A G ffi we let /i^(A) be the Plancherel 
measure of n^^x- Then there exists a polynomial P^{z) such that one has 

(6.37) fi^iX) = P^itX). 

The polynomial P^{z) is given as follows. There exists a constant c-^ which depends only 
on X such that one has 

(6.38) Pd^)=(-irc, n '7^^ ^7' . 



Knl| , Theorem 13.11], [|Wa3| , Theorem 13.5.1]. By |[0I| , Lemma 5.1] and our normalizations 



one has 

(6.39) c<. = ^ 

Note that P^{z) is an even polynomial in z. Now let w G W^- We regard as a 
subgroup of Wg. Then if we replace A^ by wA^, we have to replace A"'"(0c, tc; A^) by 
wA^{gtc, tc; Ag). This imphes that P^{z) depends only on the W^m-orbit of A^ or equivalently 
on the infinitesimal character xiO of ^- Thus if for a G Rep(M'^) with highest weight A(ct) 
we let 

(6.40) P^(z) .= (-1) _[| — — , 

Q6A+(gc,l)c) ^ ''^ ' 

where Cx is as in ( |6.38| ), it follows that ^^(A) = -Po-(A) if x(o") = x(0- Putting everything 
together, we obtain the following corollary. 

Proposition 6.6. Let r G Rep((j') and assume that r ^ tq. Then one has 

^ogT^x\r) = (-l)Vvol(X)^-^ J2 (-1)'^'"^ / P^Ut)dt. 
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Proof. For a given regular and integral A G it* there are exactly |W^m| /I W^ii'M I distinct 
elements of Md with infinitesimal character xa- Thus if one combines the Plancherel- 
Theorem with Proposition |4.1| , Proposition p.5| , equation (|6.37|) and the previous remarks 
one obtains 

We let 

/(t,r):=vol(X)fc[(l). 

By the computations below one has \\r,w\ > for every w G W^. Thus, since is -Po-(A) is an 
even polynomial of degree 2n for each a G M°, for s G C with Re(s) > 2n + 1 the integral 



/■oo 

MIis,T) := / f-H{t,T)dt 
Jo 



exists. Moreover, by [0, Lemma 2 and Lemma 3, A^J(s, r) has a meromorphic continua- 
tion to C which is regular at and if A4I{t) denotes its value at one has 

\W I . r\^T,w\ 
\^Km\ .~Tf„ Jo 



By definition one has 



logT^p{T) = ^MI{T) 



and the proposition follows. □ 

Now let G = Spin(p, g), p,q odd, p = 2pi + 1, g = 2qi + 1. Let n := pi + qi. Let 
K = Spin(p) X Spin(g) and X = G/K. Then dim(X) = pq. The normalized Killing form 
is given by 

We equip X with the Riemannian metric defined by the restriction of (■, ■) to p. We have 
m = so(]9 — 1, g — 1). We realize the fundamental Cartan subalgebra as follows. Let 

(6.41) Hi := -Ep,p+i + Ep+i^p. 

Then we put 

o = Mifi. 



Moreover we let 
(6.42) Hi 



-l(E2i-3,2i-2 - £^2i-2,2i-3), 2 < i < + 1 

-l(^2i-i,2i - ^2i,2i-i) pi + l<i<n + l. 
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Then 



n+l 



i=2 



is a Cartan subalgebra of m and 

[) := a©t 

is a Cartan subalgebra of q. Define Cj G f)^, i = 1, . . . , n + 1, by 

ei(iJj) = 5ij, I <i,j <n + l. 
Tlien the sets of roots of (gc, ^<c) and (rtxc, tc) are given by 

A(0c, f)c) = {ie^ ± e^-, 1 < i < j < n + 1} 
A(mc, tc) = {ici ± Cj, 2 < z < j < n + 1}. 
We fix positive systems of roots by 

A+(0c, flc) := {Cj + ej, i 7^ j} U {e^ - e^-, i < j} 

A+(mc, tc) := {ci + e^, i 7^ j, j > 2} U {e^ - e^, 2 < i < j}. 

The finite-dimensional irreducible representations r of G are parametrized by their highest 
weights 



(6.43) 



A(r) =A;i(r)ei H h A;„+i(r)e„+i, (A;i(r), . . . /c„+i(r)) G Z 



71+1 



A;i(r) > k2{T) >■■■> knir) > |A;„+i(r)| . 

Let A be a highest weight and let ta be the associated irreducible representation of G. 
Recall that we denote by Ag the highest weight of the representation ta 06. If A is a 
highest weight as in (|6.43|) , then 

(6.44) Ag = ki{T)ei H h A;n(r)e„ - A;„+i(r)e„+i. 

Thus the fundamental weights which are not invariant under 6 are the weights 

n.+l ^ "1 

(6-45) := J2 o^J' •= = 5Z 9 



1 

— ( 
2 



i=i i=i 

The finite-dimensional irreducible representations a of M° are parametrized by their high- 
est weights 

^g^g^ A(cr) =A;2(o-)e2 H h A;„+i((T)e„+i, (^2(0-), . . . , /c„+i((t)) G Z ^ 

^2(0-) > ks{a) > ■ ■ ■> knia) > \kn+i{a)\ . 

For a G Rep(M°) with highest weight A(cr) as in ( |6.46| ) we let Wqct g Rep(M°) be the 
representation with highest weight 

A(woo-) := k2ia)e2 H h A;„(<T)e„ - A;„+i((T)e„+i. 
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Then for every a G Rep(M*^) one has a = a if n is even and a = Woa if n is odd. Applying 
equation ( |6.4CI| ) this imphes that 

(6.47) P^(A) = P^,^{X) = P^(A) 

for every a G Rep(M''). 
Let T G Rep(G) with highest weight riCi + ■ ■ ■ + r„+ie„,+i. For = 0, . . . let 

(6.48) \r,k = n+i + n- k 

and let ar,k be the irreducible representation of M with highest weight 

(6.49) A^^_^ := (ri + l)e2 H h (r^ + l)efc+i + Tk+2ek+2 H h r„+ie„+i. 

Then as in ||MP| , section 2.7] one has 

{(Ar,«„ (Tr,w, K'^)) : w eW^} = {(A^,fe, a^,fe, k): k = 0,...,n} 

(6.50) 

U {(-Ar,fc, Woar,k, 2n- k): k = 0, . . . ,n}. 
Combining ( |6.44| ), ( |6.47| ) and ( |6.50| ) and Proposition |6.6| it follows that 
(6.51) T^^\t) = T^^\Te) 

for each r G Rep(G). Now for g G N we let 

vol(X,) V 

Then we have 



(6-52) Cp,g= ' { ,h 



Proposition 6.7. Let X = Spin(p, g)/(Spin(p) x Spin(g)), p,q odd, and X = r\X . Let 

A E i)Q be a highest weight with Aq ^ A. For m E N let T/i^{m) be the irreducible repre- 
sentation o/Spin(p, g) with highest weight mA. There exists a polynomial Phim) whose 
coefficients depend only on A, such that for all m eN we have 

logT|)(rA(m)) = C,.,Y0\{X)PA{m). 

Moreover there is a constant Ca > 0, which depends on A, such that 

(6.53) Pivijn) = Ca ■ mdim(rA(m)) + O (dim(rA(m))) 



as m —7- oo. If A = u J ^ is one of the fundamental weights that are not invariant under 9, 
then Ca = 1- 

Proof. Let A = riCi + ■ ■ • + Tn+iCn+i- By ( |6.44| ) and ( |6.51| ) we may assume that r^+i > 0. 
Put r(m) := TA{m). Then 

(6.54) XT{m),k = rriTk+i + n- k, k = 0,...,n, 

and by Proposition ( |6.50|) and ( |6.47|) we have 

\W I " rK(m).k 
logT|)(r(m)) = 27rvol(X)(-l)^^-^5^(-l)'^ / P..^^,, (t) ^t- 

WkJ^^ Jo 
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In the hyperbolic case the term ( — l)^|iyn,|/|W^KMl equals 1. Therefore this equation agrees 
with (5.18)]. Note that 2n = dimn. Let be defined by ( |09|) and put 



(6.55) PaM := ^-^$^(-1)'= / P..,„,Jt)dt. 



k=0 

Then it follows from ( |6.40| ) and (|6.5CI| ) that Pa is a polynomial in m whose coefficients 
depend only on A. By definition one has 

logT|)(r(m)) = 2nvo\{X){-ir-^^c^P^{m). 

I ^Km I 

So it remains to compute the constant. By ( |6.39| ) and Lemma ^]T| one has 

\WJ \WJ 1 



Recall that mc = so{2n, C), {tm)c = 5o(2pi, C) ©so(2gi, C) and so by [[Kn2| , page 685] one 
has \ Wm\ = n\2"'~^, \Wi^ \ = pi!gi!2"'~^. Hence, as in [PI , Proposition 1.3], one has 



2 



Furthermore one has v = ^^H^Ph = (p-iKg-i) ^^^^ thus we get v + n = This proves the 
first part of the proposition. 

To determine the highest order term of the polynomial P\{m), we proceed as in [ MP 
Lemma 5.4] to show that 

= (-l)"+^c^dim(r(m))n /"5r^)'^- . 

j=0 T{m),k T{m),j 

Denote the product on the right by Ilk{t; m). Then it follows from ( |6.55|) that 



m) dt. 



(6.56) Pkim) = dim(r(m)) ■ / Ukit 

k=o 

To deal with the sum, we follow [[BV| , 5.9.1]. Put XT{m),n+i = 0. Then the finite sequence 
K{m),k, = 0, . . . , n + 1 is strictly decreasing. For k = 0, . . . ,n set 

k 

Qk(t;m) := ^Ilj(t;m). 

j=0 

Then Qk(t; m) is the unique even polynomial of degree < 2n which satisfies 



(6.57) Qk{±\ 



T{m),j, 



1, ifj<A;, 

0, if n > j > k. 
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Moreover we have 

" rK{m),k " rK(m),k 

(6.58) 22 Uk{t;m)dt = 22 Qk{t;m)dt. 

As proved in |[BV| , Sect. 5.9.1], each integral on the right is positive. This can be seen 
as follows. By ( |6.57| ), the polynomial Q'^. has a root in each interval [Ao-^^^j Ao-^^^j ^.], 
\—\a , , , — Ao- , , for 0<j<n, j^k and a root in [— Ao- , , , Ao- , , 1. Since 
Qfc is of degree < 2n — 1, it follows that Qk is either constant or strictly increasing on 
[•^o-T(m) fc+i' -^o-r(m) fc]' Furthcrmore, Qnl*!:; fn) is a polynomial of degree 2n, which is equal to 
1 at 2n + 2 pairwise distinct points. Hence Q„ = 1. Thus by ( |6.54| ) and ( |6.58D we get 



(n + l)(mri + n) = (n + l)Xr{m),o > '^iKim),k - Kim),k+i) 

k=0 

rK(m).k 

(6.59) - XI / ^) - ^"+1"^- 



(m) ,fc 

Since P\{m) is a polynomial in m, it follows that there exists Ca > r„+i > such that 
( |6.53| ) holds . If A is one of the fundamental weights ^fni defined by ( |6.45| ), then it follows 
as in ||MP| , Section 5] that Ca = 1. This proves the second part of the proposition. □ 

Finally we turn to the case G = SL^(R), K = SO (3). We define our fundamental Cartan 
subalgebra as follows. Let 

i/i := diag(l,l,-2); a:=RHi. 
Then we have m = s[2(M), if 5l2(M) is embedded into g as an upper left block. Let 

H2 ■= J) , t := MTi 

embedded into g as an upper left block. Then t is a Cartan subalgebra of m and 

(6.60) (^:=a©t 

is a ^-stable fundamental Cartan subalgebra of g. Note that f) is different from the usual 
Cartan subalgebra f) of g which consist of all diagonal matrices of trace 0. Define /i G a* 
and /2 e it* by 

fim = 3; f2m = t. 

We fix fi as a positive restricted root of a. Then we can define positive roots by 

A+(gc, i)c) := {/i - /2, fi + /2, 2/2}; A+(mc, tc) = {2/2}. 
Under our normalization one has 

(6.61) (/i,/i) = i; (/2,/2) = ^; (/i,/2) = 0. 
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One easily sees that dimn = 2, hence n = 1. Moreover by ||Kn2| , page 485] one has 
= 1. For /c e N let (Tfc G Rep(M°) be of highest weight kf2. Then it follows from 
( CT ) and (|09D that 



(6.62) P.A^) = - ^ + ^ 

8 vol(Xd 



Define G f)^ by ej(diag(ti, ^s)) = Xlj ^i.j^i- Then one can choose positive roots 

(6.63) A+(0c, ^c) := {ei - 62, ei - 63, 62 - 63} 

and there is a standard inner-automorphism $ of 0c which sends [)c to i)c and which 
satisfies 

(6.64) <l>*(ei - 62) = 2/2; <l'*(ei - 63) = /i + /s; $*(e2 - 63) = /i - /s- 

The fundamental weights a;i,a;2 G [)c are given by 

2, ,1, 
= -(ei - 62) + -(62 - 63) 

and 

UJ2 = -(ei - 62) + -(62 - 63). 
Thus the fundamental weights uji,cl!2 G f)£ are given by 

(6.65) ui := <l>*(c:;i) = ^/i + /s; := $*(c:^2) = ^/i- 

If A is a weight, A = tioji + r2Ci;2, ti, r2 G N°, then a standard computation shows that 

(6.66) Ae = T2UJ1 + T1UJ2. 

Now we fix Ti, r2 G Nq, ti + r2 > and for m G N we let r(m) be the representation of G 
with highest weight 

(6.67) A(r(m)) := mriWi + mT2C02- 

We let VFg be the Weyl-group of A(0c,^c)- Then M^g consists of all permutations of 
61,62,63. Let 

lyi := ($*)-iH^i = {weWg: w-\ei - 62) > 0}. 

Then one has 

iM,..w',^Uoy(h 2 -),i);((- - - 
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By a direct computation we get 

{w{A{T{m)) + pg)4{w)-w ^W^] 

2mTi + mT2 + 3 , , mri + 2mr2 + 3 , , ^ 
^ (ei - 62) H (62 - es); 

(6-68) / 2mTi + mT2 + 3 mri — mT2 

(ei - 62) + [62 - eg); 1 

-TJiTi + mT2 , , , -2mri - mr2 - 3 , . ^ 
^ (ei - 62) + ^ {62 - 63); 2 

As in |PV| , 5.9.2] we introduce the following constants 

(6.69) Ai(r(m)) := ^ ; A2(r(m)) := ^ ; Aj,{T{m)) := ^ 

and 

(6.70) Ci(r(m)) := ^ ; C2(r) := ^ ; Cj,(t) := ^ . 

Note that on f^^ one has uj\ = Ci; U2 = 6i + 62, since the matrices in l)^ have trace 0. 
Then, combining ( |6.64| ) and ( |6.68|) , we get 

{{A{(Trim),n.),XrM,u.Jiw)) ;w e W'} = {((2Ai(r(m)) - l)/2,Ci(r(m)),0), 

((2A2(r(m)) - l)/2, C2(r(m)), 1) , {i2As{r{m)) - l)/2, -C,{T{m)), 2)}. 



Thus if we apply ( p.62| ) we obtain 

I '^T (m) ,w I 



(m) ' 

^SL3(M) $^(-l)^+M.(r(m)) / -t^ - A,(r(m))2 dt 



vol(X, 



3 



(6.71) = - ^^'"''""f - *Mr(myn . 

vol(.Yi) 4 

We can now prove our main result about the L^-torsion for the case G = SLsCR). 

Proposition 6.8. Let X = SL(3, M)/ S0(3) and X = T\X . Let A e i}^ be a highest 
weight with Ag ^ A. For m E N let T/y{m) be the irreducible representation of SL(3,]R) 
with highest weight mA. There exists a polynomial P\ whose coefficients depend only on A 
such that 

logi:f(r^(m)) = ^^^P.(m). 

yo\{Xd) 

Moreover, there exists a constant C (A) > depending only on A such that 
Pxij^) = C(A)m dim(rA(m)) + 0(dim(rA(m))), 
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as m —7- oo. //A equals one of the fundamental weights Uf^i then C(A) = 4/9. 

Proof. There exist Ti,T2 G Nq, ti ^ T2, such that A = tiuji + T2UJ2- Put r(m) := Tp^im). 
Then by Proposition equation ( |6.69[ ), ( |6.70D and ( |6.71| ), the first statement is proved 



and it remains to consider the asymptotic behavior of the polynomial Pa- We differ two 
cases. First we assume that T1T2 7^ 0. Then if we put 

"18 9 ^ 3~' ^1 — ^2 

-1^ + ^ + ^' ^2>ri, 

an explicit computation using equation ( |6.69| ), ( |6.70| ) and ( p.71| ) shows that 



as m — )■ 00. Note that 04 (r) > by our assumption on ti and T2. Now we assume that 
T1T2 = 0. Then if we define 

•= g , 

an explicit computation using equation ( |6.69| ), ( |6.70| ) and ( p.71| ) gives 

E (-1)""' / w* = + o(,^-). 

...T,.i -'0 vol Ad 



as m — 00. For SL3(]R) one has v = \ and using Lemma ^Tljone gets | = 1- Moreover, 
every element of Rep(M°) is self-dual. Thus using Proposition |6.6| we obtain 

logTi'^(r(m)) = vol(X)^^^4im^ + 0{m^) 

vol(Xd) 

as m — )■ 00, if T\T2 7^ 0, and 

log Tf(r(^) = vol(X)^^^m3 + Olm^), 

vol(Xd) 

as m — )■ 00, if rir2 = 0. Now we define constants 

Then by Weyl's dimension formula one has 

dim r(m) = (i3(r)m^ + d2{T)m^ + 0(m), 

as m — )■ cxD. Note that d^lr) > for T1T2 7^ and that d^lr) = 0, (i2(T) > for T1T2 = 0. 
This completes the proof of the proposition. □ 
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7. Lower bounds of the spectrum 

In this section we assume that S{X) = 1 and that X is odd-dimensionaL Our goal is 
to establish the lower bound ( |1.8D for the spectrum of the Laplace operators Ap{Tx{m)). 
To this end we use ( p.5D , which reduces the problem to the estimation from below of the 
endomorphism Ep{T\{m)). 

First we introduce some notation. Let X = G/K. Recall that we assume that G C Gq, 
where Gc is the simply connected complex Lie group with Lie algebra Qc- By the classifi- 
cation of simple Lie groups there is a decomposition X = Xq x Xi, where S{Xq) = and 
where Xi is an irreducible symmetric space with 6{Xo) = 1. Since Xq is even- dimensional, 
the dimension of Xi is odd. Let G = Gq x Gi he the corresponding decomposition of 
G. Then 6{Go) = and Gi = Spin(p, g), p,q odd, or Gi = SL(3,M). Let g,, i = 0, 1 be 
the Lie algebra of Gi. Let to C go be a compact Cartan subalgebra and let ()i C gi be a 
fundamental Cartan subalgebra. Then {)i is of split rank one. Put 

f) :=to©l)i. 

Then f) is a Cartan subalgebra of split rank one. Let (r, Vr) G Rep(G) with highest weight 
A G Then A = Aq + Ai, where Aq G Iq,^ and Ai G 1)1^ are highest weights. Let 
6': g — 7- g be the Cartan involution. Assume that Xg ^ A. Then Ai satisfies (Ai)^ ^ \\. 
Let (rj,K-J G Rep(Gi), z = 0, 1, be the representations with highest weight Aj. Then 
T = ® T\. Let 

gj = © pi 

be the Cartan decomposition of g^, i = 0, 1. We may choose p such that p = po ©pi- Then 
we have 

A^p* ® K = (A>S ® Ko) © (A^pl © 

r+s=p 

Let fij G 2(gj^c); = 1;2, be the Casimir operator of g^. Then = l^o © Id + Id©r2i. 
Similarly, we have = ^o,k © Id + Id ©fii^x- Set 

z/,,p(r,) := A^' Ad; ©r, : ^ GL(A^'p* © KJ, ^ = 0, L 

Let 

(7.1) Ei^pi^i) := Ti{ni) Idi -^pir,i){ni^K), « = 0, 1, 

be the corresponding endomorphisms acting in A^p* © V^. . Then it follows that 

(7.2) Ep{T)= (Eo,.(ro)©Id + Id©Ei,,(ri)). 

r+s=p 

Therefore it suffices to estimate Ei^p^Ti), i = 0, 1. 

Let us first recall the general formula for the Casimir eigenvalues. We let g be a semisimple 
real Lie algebra with Cartan decomposition g = € © p. Let t be a Cartan subalgebra of 
t and let f) = t © b, b C p, be a 6'-stable Cartan subalgebra of g containing t. Let the 
associated groups G and K be as in the introduction. Let ||-|| denote the norm induced 
by the (suitably normalized) Killing form on the real vector space iV © b*. Fix positive 
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roots A+(gc,l)c)) ^^(^c?tc) and let pc resp. pK be the half sums of the positive roots. 
Let r be an irreducible finite-dimensional complex representation of G with highest weight 
A(r) G a* © b* and let v be an irreducible unitary representation of K with highest weight 
A(z/) G a* . Then we have 

(7.3) t{9) = ||A(r) + p^f - Upcf ; ^^(f^A') = ||AM + Pxf - UpA'f- 

We have the following general bound, which we use to deal with _E'o,p(to)- 

Lemma 7.1. Let \ E he a highest weight. Given m G N, let Tx{m) he the irreducihle 
representation with highest weight m\. There exists C > such that 

Ep{Tx{m)) > ~Gm 

for all p = 0, . . . ,d and m G N. 

Proof. Let r G Rep(G) with highest weight A(r). Let u' E K with highest weight A(z/') G 
zt*. Assume that [t\k '■ v'] 7^ 0. We claim that there is a weight A of r such that A(i/') = A|t. 
To see this, let Vr be the space of the representation r and let K-(A(i^')) be the eigenspace 
of t with eigenvalue A(i/'). Then K-(A(z/')) is invariant under f). So it decomposes into 
joint eigenspaces of f). Let A be the weight of one of these eigenspaces. Then A|t = A(z/'). 
Now we note that as a weight of r, A belongs to the convex hull of the Weyl group orbit 
of A(r) (see [Ha, Theorem 7.41]). Thus we get 

(7.4) ||A(r)||>||A||>||AM| = ||A(z.')||. 

Now let G -ft' with [vpir) : z/] 7^ 0. Then by | Kn2| , Proposition 9.72] there exists u' E K 
with [t\k'- v'] 7^ of highest weight A(z/') G it* and p G ii* which is a weight of Vp such 
that the highest weight A(z/) of v is given by /i + A(z/'). Since A(r) is dominant we have 

l|A(r)+pGf >||A(r)f . 

Thus by ( |7.4|) we get 

l|A(r) + pcf - ||A(z/) + p^HP > l|A(r)|P - ||A(z.')|P - 2||p + p^W ■ -\\p + PkW 

> -2\\p + pk\\ ■ ||A(r)|| - ||p + pxf . 

There is C > such that ||p + px|| < C* for all weights p oi Up. Hence there is Ci > such 
that for all r G Rep(G) one has 

(7.5) ||A(r) + pcf - ||A(z.) + pxf > -Ci(||A(r)|| + 1) 

for all u E K with [t'p(r) : z/] 7^ 0. Now we apply this to T\{m). By definition of T\{m) we 
have A{T\{m)) = mX. Using ( [7. 5] ) and ([7. 3D, the lemma follows. □ 

Now we turn to the estimation of Ei^p^Ti). In this case we have either Gi = Spin(j9, g), 
p, q odd, or G = SL(3, R). We deal with these cases separately. 



36 



WERNER MULLER AND JONATHAN PFAFF 



7.1. The case G = Spin(p, g). Let p = 2pi + 1, q = 2qi + 1. Let n := pi + qi. Let 
K = Spin(p) X Spin(g) and X = G/K. Then dim(X) = pq. We let t and f) be as in section 
^. Also the Killing form will be normalized as in this section. Then we have the following 
lemma. 

Lemma 7.2. Let A G l)^ &e given as A = kiCi + ■ — h kn+ien+i, ki > k2 > ■ ■ ■ > > 0. 
Let A' e belong to the convex hull of the set {wA, w G Wq} and let A G ii* be given by 
A := A'lt. Then one has 



|Alr<E^^ 



i=l 

Proof. Recall that the Weyl group Wg consist of permutations and even sign changes of the 
ei, . . . , Cn+i- Thus there exist ai, . . . , am G (0, 1), YlJLi otj = 1; cind for each j = 1, . . . , m 
a (7j G S"~^^, the symmetric group, and a sequence e^^i, . . . , ej>+i G {±1} such that 

m / n+1 

j=l \i=l 



Thus one has 



a,- 



/ n+l 

^ ^ ^j,ikie(j^ 
» i=i 



and so one gets 



|A|I<E 



n+l 



(0 



E 



a,- 



71+1 



1 \ i = l 



E *?^E 



.oji E*.' = \ 2- 

1 \ i=i \ 1=1 



E*? 



For the last inequality we used that the fcj's satisfy ki>k2>---> ^n+i- 
Now we let A(r) G f)c be given by 

A(r) := TiCi H h 7:„+ie„+i, Ti > r2 > ■ ■ ■ > r„+i > 0. 

For m G N we let r(m) be the representation of G with highest weight 

A(r(m)) := mA(r). 
Then we have the following proposition. 
Proposition 7.3. There exists a constant G such that 

Ep{T{m)) > m^Tn+i — Gm 

for all m. 



□ 



37 



Proof. Recall that z/p(r(m)) = r(m)|i^ (g> i^p- Let u E K he such that [z/p(r(m)) : z/] 7^ 0. 
By ||Kn2| , Proposition 9.72], there exists a. u' E K with [r(m) : z/'] 7^ of highest weight 
A(z/') G and a /i G which is a weight of z/p such that the highest weight A(z/) of u 
is given by /i + A(z/'). As shown in the proof of Lemma |7.1| , there is a weight A G 
r(m) such that A(z^') = A|t. By |[Ha] , Theorem 7.41], A belongs to the convex hull of the 
Weyl group orbit of A(r(m)). Thus, applying (|7.3|) and Lemma 7^, we obtain constants 
Ci, C2 > 0, which are independent of m, such that 

uiflK) = ||A(z/) + pKf - llpxf < ||A(z/')ll' + + l|A(z/')ll) < {j^J^ + 
One the other hand, by ( |7.3| ) we have 

n+1 n+1 

T{m){n) = ||A(r(m)) + pGf - llpcf =5Z(mr,-+n+l-jf -5^(n + l-jf 

71+1 

i=i 

This implies the proposition. □ 

7.2. The case G = SL(3,]R). We use the notation of section ^. We choose the Cartan 
subalgebra f) C g, which is defined by (|6.6CI|) . The fundamental weights Ui E l)^, i = 1,2, 
are given by ( |6.65|) . Let A G f)c be a highest weight. For m G N let T/<^{m) be the irreducible 



representation with highest weight mA. 

Proposition 7.4. Assume that A satisfies Aq ^ A. Then there exists Ca > such that 



Ep{TA{m)) > ^m^ - CAm 



for all m and p = 0, 



Proof. There exist ti,T2 G Nq such that A = tiUi + T2UJ2. Note that by (|6.63| ) and ( |6.64| ) 
one has pc = /i + /2- Then by ( |6.65| ) and (|6.61|) we get 



( vn\ II l|2 II ||2 4(ri^ + TiT2 + r|) 3 4(^ + 72) 
TA{m){ll) = \\mA + pgW - \\Pg\\ = ^ rri H m. 



Next recall that there is a natural isomorphism — su(2)c = s[(2, C) (see |[H4 Sect. 4.9]) 



Furthermore if we embed sl{2, C) into Qc as an upper left block then tc is isomorphic to 
a Cartan subalgebra of sl(2, C). For j G N let Uj denote the representation of ic with 
highest weight j/2. Then we deduce from the branching law from GL3(C) to GL2(C), 



GW| , Theorem 8.1.1] that 



j=0 k=0 
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If we use 

■2 



Uj{QK) = — + -j- 



f 2 

- + 

3 3" 

and argue as in the proof of Proposition [7.3| , we obtain a constant C which is independent 
of Ti, T2 and m such that for every v & K with [z/p(r(m)) : z/] 7^ for some p one has 

. ^ (m(ri + r^) + C)^ 2 (m(ri + r,) + C) 

Thus we obtain a constant Ca such that for every m and every p one has 

i?p(rA(m)) > ili^-^m^ - ^Am. 

y 

By ( |6.66| ) the condition 7^ A is equivalent to T2. This proves the Proposition. □ 
Now we can summarize our results. 

Proposition 7.5. Let 5{X) = 1 and assume that dim(X) is odd. Let X & i)^ be a highest 
weight with X0 7^ A. Form G N let T\{m) he the irreducible representation of G with highest 
weight mX. There exist Ci, C2 > such that 

for all p = 0, . . . ,d and m eN. 

Proof. Let A = Aq + Ai with Aq G tgj^ and Ai G f)^^ highest weights, and assume that 
(■^1)6* 7^ Ai. Let Ti{m), i = 0,1, be the irreducible representations of Gi with highest weight 
mAj. Then r(m) = ro(m) (g) ri(m). Let Eop^TQ^m)) and _Ei^p(ri(m)) be defined by (|TjT|). 
By Lemma |7.1| there exists C > such that 

Eo,piTo{m)) > -Cm 



for all p = 0, . . . , c? and m G N. Furthermore, by Proposition and Proposition |7.4| there 
exist 6*3,6*4 > such that 

E,,p{n{m))>C3m^-C^ 
for all p = 0, . . . , c? and m G N. Combined with (|7.2| ) the proof follows. □ 

Corollary 7.6. Let the assumptions be as in Proposition |7]^. There exist constants 
Ci, C*2 > such that 

^p{rx{m)) > Cim^ - C*2 

for all p = 0, . . . ,d and m G M. 



Proof. Recall that the Bochner-Laplace operator satisfies Aj,p(^(m)) > 0. Hence the corollary 
follows from ( p.5| ) and Proposition \l.5[ □ 
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8. Proof of the main results 

First assume that S{X) ^ 1. If S{X) = 0, then dimX is even. Hence, it follows from 
Proposition [4.2| that Tx{t) = 1 for all finite-dimensional irreducible representations of G, 
which proves part (i) of Theorem |1 . 1| . 

Now assume that S{X) = 1 and that d = dim(X) is odd. Let f) C g be a fundamental 
Cartan subalgebra. Let A G f)^ be a highest weight with 7^ A. For m e N let r(m) be 
the irreducible representation of G with highest weight mX. Then r(m) ^ T{m)0 for all 
m G N. Hence by [PW , Theorem 6.7] we have Hp{X, -^^(m)) = for all p = 0, . . . , c?. Then 
by (f4.8| ) we have 



•1) 



log Tx(r(m)) 



1 d 



2ds \ T(s 



1 



f-'K{t,T{m))dt 



s=0 



Since r(m) is acyclic and dimX is odd, Txijim)) is metric independent [|Mu2| , Corollary 
2.7]. Especially we can rescale the metric by -y/m without changing Tx(T(m)). Equivalently 
we can replace Ap(r(m)) by ^Ap(r(m)). Using ( |8.1| ) we get 



log Tx(r(m)) 



1 d 



2ds \ T(s 



rim) dt 



m 



s=0 



To continue, we split the t-integral into the integral over [0, 1] and the integral over [1, 00). 
This leads to 



log Tx(r(m)) 



1 d 



1 



2ds Wis 
+ 



t 



m 



T{m) I dt 



We first consider the second term on the right hand side. To this end we need the following 
lemma. 

Lemma 8.1. Let h^^"^^'^ be defined by ([4.14|) and let be the heat kernel of the Laplacian 
Aq on C°°(X). There exist mo G N and C > such that for all m > mo, (7 G G, t G (0, 00) 
and p G {0, . . . ,d} one has 

/.[(-)'^(^)|<Cdim(r(m))e-*^i/°(^). 

Proof Let pE {0, . . . , n}. Let H^"^^^^""'^'^ be the kernel of e"*^"?' and let H^^""'^'^ be the 
kernel of e-*^f(^(™». By we have 

Thus by Proposition |3.1| and Proposition |7.5| there exists an mo such that for m > mo one 
has 



(8.3) 



< e 



Taking the trace in End(APp* ® K-(m)) for every p G {0, . . . , c?}, the lemma follows. □ 
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Using ( [4.17| ), ( ^.16| ) and Lemma ^.l] , we obtain 



K \ -,T{m] 
m 



< Ce-f * dim(r(m)) / H^/^ig-'^g) dg 

Jt\g .^t. 



= Ce-t*dim(r(m))Tr(e-^^«)- 
Furthermore, by the heat asymptotic we have 

Tr(e-^'^«) = CdVol(X)m^/2 ^ q (^(d-i)/2) 

as m — )■ cxD. Hence there exists Ci > such that 



K ( — , r(m' 
m 



< dim(r(m))e"^*, t > 1. 



Thus we obtain 

^ t-^K (j-,T{m)^ dt < C2m'^/Mim(r(m))e-"*/^ 
Using Weyl's dimension formula, it follows that 



t-^K (J-, r(m)^ dt = (e-'"/^) . 



(8.4) 

Now we turn to the first term on the right hand side of ( ^.2|) . We need to estimate 
K{t, r(m)) for < t < 1. To this end we use ( [4.17| ) to decompose K{t, r(m)) into the sum 
of two terms: The contribution of the identity 

(8.5) J(t,r(m)):=vol(X)A;[(™)(l), 

where k^^"^^ is defined by ( [4.16| ), and the remaining term 

/f(t,r(m)):= / J^^t^^^ (9-'l9) dg 



First we consider H{t,T{m)). Using Proposition and Proposition p.2| , it follows that 
for every m > mo and every t E (0, 1] we have 



7er 

7^1 



< Ci dim(r(m))e-*'^e-"«/*. 



Hence using Weyl's dimension formula we get Ci > such that 



H 



t 



m 



< Coe-^i^^e-^i/*, < t < 1. 
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This implies that 



(8.6) 



d 



ds \ T(s) 



as m — 7- oo. 

It remains to consider the contribution of the identity I{t,T{m)). By Lemma there 
exists C > such that for all m > mo and p = 0, . . . ,d we have 

< Cdim(r(m))e-*'^//°(l). 

Next we estimate H^{1) using the Plancherel-Theorem. Since the function H^{1) is K- 
biinvariant, the Plancherel-Theorem for H^{1) reduces to the spherical Plancherel theorem 



H^ , Theorem 7.5]. Thus if Q = MAN is a fixed minimal standard parabolic subgroup, it 



follows from ( ^.14| ) that 



-*l|Pn|| 



-t ly 



(3{u)du, 



where /3{i') is the spherical Plancherel-density. Thus there exists Ci > such that 
< Ci for t > 1. Hence, by PTTBQ we get 



< C2dim(r(m))e-*"^ 
and Weyl's dimension formula it follows that there exist 



for t > 1 and m > tuq. By 
C,c> such that 

(8.7) 



/ I -,r(m) 
m 



for t > 1 and m > mo- Hence we get 



d 



, , , , f-^I ( -,r(m) 1 dt 
ds \ L (s) Jq \m 



t 



d 



s=0 



ds \T{s) Jq 



f~'I ( -,r(m) 1 dt 
m 



s=0 



+ O (e-^^™) 

for m > rriQ. To deal with the first term on the right, we note that by ( p.l2| ) and the 
definition of kl^^'^ by ([4.16 ), kl^"^\l) has an asymptotic expansion of the form 



M-d/2+j 



as t — > 0. Since we are assuming that d = dim(X) is odd, the expansion has no constant 
term. This implies that 

/■oo 

f-^I{t,T{m)) dt 
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is holomorphic at s = 0. Therefore we get 



' ^ ^'^ f-H{-Mm\ \ dt 



ds \ T(s) Jq \ m 



ds \Tis 

s=0 



f-^I{t,T{m)) dt 



s=0 



By definition, the right hand side equals logT^ (r(m)), where TJ^ (r(m)) is the L^-torsion. 
Combined with iWM and iWM we obtain 



(8.9) logrx(r(m)) = logT^VM) + O (e^^"^) 

as m — )■ oo. This proves Proposition |1.2| . □ 
Combining Proposition p.3| with Proposition |6.7| and Proposition |6.8| , we obtain Propo- 



sition |1.3| . Together with Proposition |1.2| we obtain part (ii) of Theorem |1 . 1| . 
Corollary [1.4| follows from Proposition |6.7| and Corollary |1.5| follows from Proposition |6^ 
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